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ABSTRACT 

We show that deviations of the quantum state of the inflaton from the thermal vacuum of 
inflation may leave an imprint in the CMB anisotropics. The quantum dynamics of the inflaton 
in such a state produces corrections to the inflationary fluctuations, which may be observable. 
Because these effects originate from IR physics below the Planck scale, they will dominate 
over any trans-Planckian imprints in any theory which obeys decoupling. Inflation sweeps 
away these initial deviations and forces its quantum state closer to the thermal vacuum. We 
view this as the quantum version of the cosmic no-hair theorem. Such imprints in the CMB 
may be a useful, independent test of the duration of inflation, or of significant features in the 
inflaton potential about 60 e-folds before inflation ended, instead of an unlikely discovery of 
the signatures of quantum gravity. The absence of any such substructure would suggest that 
inflation lasted uninterrupted much longer than (9(100) e-folds. 
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Generic models of inflation produce a lot of accelerated expansion. They far surpass the 
minimum needed to solve the horizon and flatness problems, of the order of N ~ 60. For 
example in the case of chaotic inflation driven by a power-law potential \<f) n /n, one finds 
that typically iV >, 10 24 / ra ^> (9(100). This yields perhaps the most robust of all inflationary 
predictions, that the universe should be spatially flat, with fi mattcr +fi DE = 1 [1]. More generally, 
this is usually taken to mean that inflation acts as a powerful amnesia tonic, efficiently relieving 
the universe of the memory of its initial state. Having fewer e-folds, or producing significant 
changes in the inflaton sector mid-way through inflation, requires fine-tunings of the initial 
conditions and/or the inflaton sector beyond those which are deemed acceptable by the current 
lore [2]. A more optimistic stance could be that any signs of short inflation or new dynamics 
during it is an indication of some as yet unknown new physics, which the inflaton is sensitive 
to. Although such phenomena may appear like fine-tuning by the current lore, one could hope 
to identify the underlying physics with better understanding of inflation. Hence either short 
inflation or changes of the inflaton dynamics ~ 60 e-folds before the exit at this point cannot 
be taken as a robust prediction 1 but as an indication of something special about inflationary 
dynamics and/or the initial conditions. 

On the other hand, we can take a bottom-up approach to conceptual cosmology, and simply 
ask if we can measure for how long the final stage of inflation went on uninterrupted. For ex- 
ample, the current cosmological observations are indirectly sensitive to short inflation, because 
it could leave nonvanishing spatial curvature of the universe. At present the observations limit 
the spatial curvature to be at most a few percent of the total Q, and the bounds are a little bit 
weaker if the curvature is positive [3, 4, 5]. The bounds will be improved some in the future 
[6]. Thus it would be interesting to consider alternative probes of the length of inflation, or of 
significant features in the inflaton dynamics. 

In this note we show that substructure in the CMB anisotropies could provide us with 
another probe of inflation some ~ 60 e-folds before the end. If inflation was interrupted 
~ 60 e-folds before the exit by environmental conditions, induced either by a non-inflationary 
stage, or by a change of slow roll parameters, the quantum state of the inflaton during the 
generation of the inflationary fluctuations was not the usual thermal vacuum, but included 
some deviations from it. These effects may resemble classical inhomogeneities, in that they can 
be viewed as lumps of energy on top of the ground state, and can be represented as coherent 
state excitations of the thermal vacuum. They may also be intrinsically quantum, encoding 
initial phase correlations arranged by quantum effects before inflation, or by the dynamics which 
may have intervened at the onset of the last 60 e-folds. The latter effects can be represented as 
squeezed states, which have been prepared by primordial quantum effects preceding inflation 2 . 

We will demonstrate explicitly how such a squeezed state arises from the kinks in the 
inflaton slow roll parameters. During the onset of the final stage of inflation the frequencies of 
the inflaton eigenmodes change in time slightly non-adiabatically. This induces a Bogoliubov 
transformation between the modes before and after the transition, and therefore between their 
corresponding annihilation and creation operators. We will take the initial inflaton state to be 

1 Possibly excepting anthropic arguments, about which we are agnostic at the moment. 
2 We thank J.D. Bjorken for a very useful discussion of this issue. 
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the ground state of the theory just before the transition, because the transition takes only 0(1) 
Hubble times to complete. Therefore it is basically a sudden transition for modes with horizon- 
size wavelengths, so that the system remains in the state it occupied before the transition. 
Because of the Bogoliubov transformation, this state is a squeezed state on top of the thermal 
vacuum defined by the theory after the onset of the final stage of inflation. 

The intuitive picture of this dynamics is akin to the quantum-mechanical system in a deep 
potential well, whose depth is suddenly increased. Prior to the change the system settles in its 
ground state, given by the minimum energy state in the well. Because the transition is fast, the 
system remains trapped in this state. However, after the transition, this state will not be the 
minimum energy state any more, since the depth of the well increased. Hence the system will 
be in an excited state on top of the new ground state. When the inflaton is quantized in such a 
state, its deviations from the thermal vacuum will correct the standard thermal vacuum result. 
They may be stronger than the imprints from new physics computable by effective field theory 
[7]. We find that such effects contribute a factor (l + A(r] H — tH)(H/p) sin(2p/H) + . . . ) to the 
thermal vacuum result, where . . . stand for additional slow roll and adiabatic corrections. Here 
H is the Hubble scale during inflation, p >, H is the physical momentum of the fluctuation at 
the moment of transition, e# = (p 2 / \2m 2 P H 2 ] and i] H = —<f>/[H<j)] are the slow roll parameters, 
A(r]H — e H ) is the change of their difference at the transition between two stages, is the 
inflaton vev, overdot is a derivative with respect to the comoving time t, and m 2 P = 8h/Gn 
is the reduced Planck mass. We note that in long inflation with very kinky structure in the 
inflaton potential a large change in en would have even more dramatic consequences already in 
the leading order density contrast [8, 9], rendering the subleading corrections irrelevant. This 
can be seen by rewriting Sp/p as Sp/p oc H/[^/eHm P ], and noting that it would change a lot 
if €h jumped while H stayed fixed. Since we are interested in the subleading corrections on 
top of the standard result, we will ignore long inflation which had such a strong jump in e# 
mid-course. However our treatment gives a way of distinguishing the models with a milder 
variation of e#, but a large change in i] H , that would not affect so strongly the leading order 
result. We will also comment on the possibility of softer features in the inflaton potential which 
could mimic the effects we consider already at the leading order. 

Our signal might remind one of the effects recently claimed to arise from the trans-Planckian 
physics during inflation (for various approaches and discussions see, e.g. [10]- [18] and references 
therein, and for other ways to get similar signals see [19, 20]). A simple framework for the 
formulation of such effects is provided by the a- vacua [16, 17, 18]. However the short-distance 
behavior of quantum field theory in a-vacua forces one to abandon locality and decoupling in 
order to regulate the theory in the UV, once interactions are included [21]- [24]. This means 
that the theory cannot be kept under full calculational control as an interacting quantum 
field theory 3 , conflicting with the usual notion of decoupling. Further problems arise from 
considering the diffuse gamma-ray background measured by EGRET which already excludes 
the possibility of detectable imprints of a- vacua in the CMB [25]. A proposal for avoiding this 
was offered in [17], but it mandates changing a, and so the vacuum, in time as a function of the 
dominant source of energy density in the Universe, which is again in conflict with decoupling. 

3 Thc cosmological constant problem is, in our opinion, still too much of a mystery to be taken as a clear-cut 
directive for abandoning decoupling in hope that this would simultaneously fix all the problems with a-vacua. 
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Thus it is difficult to regard the results of a naive perturbation theory around a-vacua [17, 18] 
as predictions for signatures of quantum gravity. 

Our result differs in crucial ways. We obtain it by computing the fluctuations in an excited 
state on top of the usual thermal vacuum, generated by the intervening low energy evolution. 
The momentum p in it is not some fixed trans-Planckian scale, but the physical momentum 
of the fluctuations expelled out of the horizon, evaluated at the transition, and so the imprint 
decreases with their wavelength. Further there is the A(ri H —e H ) suppression. Thus our imprints 
originate completely from the IR physics below the Planck scale. As long as quantum gravity 
yields the usual effective quantum field theory below the Planck scale obeying decoupling, which 
we assume here, these IR effects provide the dominant influence on the CMB, irrespective of 
the details of short distance dynamics. Inflation pushes the universe into the thermal vacuum; 
the longer the inflationary stage, the closer to the thermal vacuum were the state during which 
the observable fluctuations in the CMB background were produced. This is the quantum- 
mechanical version of the cosmic no-hair theorem. It implies that the signatures of quantum 
deviations from the thermal vacuum could be very sensitive to the duration of inflation. Our 
results provide a very simple, yet general, demonstration of this, complementing [19]. 

The main implication of our analysis for observations is that if for any reason t]h — £h 
changed significantly ~ 60 e-folds before the end of inflation, the effects of such a change in the 
CMB may be visible in the horizon-scale fluctuations today. If inflation were short, and the 
universe had a spatial curvature close to observability, with of few percent, the effects we 
consider should be within observer's reach. We specifically note that such effects may lead to 
the reduction of power in the low £ CMB multipoles in some models of inflation. Conversely, 
the absence of any such substructure would strongly suggest that inflation lasted uninterrupted 
much more than the minimum 60 e-folds. A long inflation would wipe out any spatial curvature 
and produce f2 mat tcr + ^de = 1- The memory of the quantum correlations in the initial state of 
the universe would be deeply buried in very small effects which would be extremely efficiently 
obscured by post-inflationary nonlinear dynamics. 

We now turn to our setup. We will use a very simple toy model, where we imagine that the 
universe can be described for the most part by a (spatially flat) FRW line element, perturbed 
by initial inhomogeneities and later by inflationary fluctuations. We confine our analysis to 
the regime where the perturbations are small, Sp/p <C 1. We further imagine that some agent 
altered inflationary dynamics ~ 60 e-folds before the end. Either inflation was short, following 
an epoch of decelerated expansion, such as e.g. a brief radiation era after the primordial sin- 
gularity, or the inflaton went over a potential bump which changed the slow roll parameters. 
The differences in the quantum dynamics of the inflaton before and after this transition are 
captured by the time-variation of the frequencies of the inflaton eigenmodes. Before and after 
inflation, their form is controlled by different backgrounds. The rapid change of the background 
environment during the transition will induce a slightly non-adiabatic contribution to the fre- 
quencies. Thus the eigenmodes will also be modified non-adiabatically. This will change the 
Hilbert space 4 of the theory by inducing a Bogoliubov rotation of the annihilation and creation 

4 Hcre we will not dwell on the conceptual problems involved in denning the Hilbert space of the inflaton in 
the first place [26, 27, 28, 29]. 
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operators. The quick onset of the last stage of inflation enables us to treat the transition at 
the quantum level as basically a sudden transition, where the quantum system remains in the 
state which it occupied just before the transition. If we take the quantum state of the inflaton 
just before the transition to be the vacuum of the theory then, this state will be a squeezed 
state on top of the thermal vacuum after the transition. Therefore the inflaton state from 
which the inflationary fluctuations originate is populated with long-wavelength quanta of the 
inflaton with quantum correlations prearranged by the preceding evolution. This is of course an 
idealized choice; in reality the inflaton state at this instant may be an excitation of the vacuum, 
which may contain inhomogeneties etc. Such a general state can be viewed as a coherent state 
on top of our initial vacuum. Since our purpose here is to explore the quantum correlations in 
the initial vacuum itself, we will ignore the excitations of this state because they behave like 
localized inhomogeneities in the inflating patch, which will get inflated away as usual. This 
simplified analysis is sufficient to illustrate our main points. We expect that a more detailed 
analysis will share the qualitative features of our main results as long as inflation is short. 

The effective field theory description of the quantum fluctuations of the inflaton, which 
we rely on, will break down at the cutoff, say at the string scale, but because of decoupling 
this does not produce significant effects on the horizon scales, where the initial correlations 
dominate. This is reflected in our calculation by the fact that the correlations are suppressed 
by a power of the momentum, and so drop off at short distances. This in turn means that 
the initial state is regulated in the UV in the usual way, and is not subject to the maladies 
plaguing a- vacua discussed in [21]- [24]. In the limit of eternal de Sitter space, these correlations 
would completely disappear and the initial state becomes precisely the usual thermal vacuum, 
instead of one of the a-vacua. A consequence of this is that as inflation proceeds, shorter 
wavelength modes are expelled out of the apparent horizon. These modes encode progressively 
less information about the initial quantum deviations. Hence the state of the inflationary 
universe when these fluctuations are frozen appears closer to the thermal vacuum. We view 
this as a quantum-mechanical version of the cosmic no-hair theorem. 

We first briefly review the gauge-invariant perturbation theory for inflation [30]- [33]. Much 
of the useful formalism of the evolution of fluctuations is also exhibited in [34, 35, 36]. We 
restrict our attention to the scalar perturbations in longitudinal gauge which is sufficient for 
our purposes. Once the results are expressed in terms of the gauge-invariant variables, one can 
change the gauge at will anyway. Thus the line element is 



The conformal time 77 is related to the usual comoving FRW time t by dt — adrj. In the 
longitudinal gauge, the two metric perturbations $ coincide with gauge-invariant potentials 
for the perturbations. In general, they are not independent. However, their detailed relationship 
depends on the matter contents of the universe that sets the background of (1). 

During inflation, the dominant source of the stress-energy in the Einstein's equations is the 
inflaton field. The inflaton field sector can be written as 



ds 2 = a 2 (r])[-{l + 2^(r],x)^dr] 2 + (l + 2$(r?, x))dx 2 



(1) 




(2) 
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The independent background equations are, using conformal time variables, 

0" + 2H0' + a 2 ^ = O, (3) 

where the prime denotes the derivative with respect to the conformal time and 7i = a' /a. 
A detailed analysis of the perturbations yields ^ = — $. Moreover, the potential $ and the 
inflaton perturbation 8(f) are related by momentum conservation as 

<f)'5<f) = -2m 2 P {& + W$) . (4) 

Hence during inflation only one of the perturbations $, 5<f) is independent. One chooses it such 
that it has the canonical commutation relations. The quantum mechanical calculation then 
links $ to the properties of the inflaton effective action and the quantum state of the inflaton 
during the period of inflation when the fluctuations are produced [31, 32]. 

To determine the effect of the perturbations in an all-inclusive way, summing all the con- 
tributions to the ripples in the spacetime caused by the inflaton fluctuations, one performs 
an infinitesimal diffeomorphism 5i] = Sp/p' = 6(f>/<f>' [37], because during inflation p = V(4>), 
5p = d<f>V5(() and p' = d^Vcf)' to the leading order in the slow roll parameters. In this new gauge, 
the curvature perturbation is the total perturbation of the 77 = const hypersurfaces, and it is 
given in terms of another gauge-invariant potential = $ — -^Scj) as 

where H = a/ a = 7i/a is the co moving Hubble parameter and V denotes derivatives with 
respect to the spatial coordinates x. The canonically normalized scalar field corresponding to 
this perturbation, which is to be promoted into the quantum inflaton field, is 

^ = a<50-^$ = -Z0, (6) 

which is clearly gauge- invariant, being defined in terms of 6. Following the common practice 
we have defined Z = = ^ [31, 33]. Because the unperturbed background is spatially flat, 
we can expand all the fields in Fourier modes, f^(rj) = J -^^j2f(rj,x)e~ lk ' x . Then ^-(k) = 
3a 2^2 Qfc(^) ; and the definition of the power spectrum V(k)S^(k — q) = -^(Q^iv) gi yes 

W 3 (*-« = ^(f) 2 <? £>. (7) 
^7T v ' a a 

where (O) stands for the quantum expectation value of the 2-point operator O in the quantum 
state of inflation. 

The scalar field (6) is the properly defined, gauge-invariant small fluctuation of the inflaton. 
In perturbation theory its dynamics is governed by the quadratic action 

S v = y d^x ((v?') 2 - (Vv?) 2 + §V) • (8) 
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To quantize the theory, we use the field and its conjugate momentum in the momentum picture: 

= /( 2 $7^ v?(r? ' f)e "^' 

= J j0j2*to> ( 9 ) 

Note that </?t = </?_£, irt = From (8) we have ir = ip', which using (9) translates to 

7r^(?7) = ty'Aji) f° r the Fourier transforms. One can check that the canonical commutation 
relations [(p(r), x), ir(r), y)\ = i5^\x — y) imply [(p%(r)), ^(77) ] = i5^\k — q). The Hamiltonian is 

H v = \j d*k (4^ + (k 2 - ^) ip[n) ■ (10) 
The Fourier modes of (p obey the field equation 5 [31, 33] (where k = \k\) 

rt+(k 2 -^)^ k = 0. (11) 
The mode expansion of the field (p(r),x) is 

<P(V,2) = J (^(K^^^e^ + ^W^^e-^) , (12) 

where the annihilation and creation operators b(k),tf(q) satisfy the usual operator algebra 

[b(k), b\q)]=5^(k-q), [b(k), b(q)] = [tf(k), b\q)] = 0. (13) 

The orthogonal eigenmodes u k -,u* k of (11) are easy to construct in the slow roll approximation, 
when en = <fi 2 /2m 2 P H 2 and rjn = —(p/Hip are small, en,VH "C 1. During slow roll inflation, to 
0(ch,Vh)i we have (1 — e H )r] = — and so ^- = 2 ~ 3v " 2 +6e " . Then the mode equation (11) 
becomes [39] 

// . /,2 2-3i] H + 6e H 
u k + {k )«k = 0. (14) 

7] z 
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It is easy to find the asymptotic behavior of the solutions of (11) in the general case. To the leading order, 

z 



in the short wavelength limit, k 2 ^> 4?-, one finds ip k — » Aj. cos(krj + 6 k ), while in the limit of long wavelengths 



where k 2 <C the result is — > BfcZ + C k Z J 4%. From (6) the curvature perturbation is [31] 

(j) ^ cos ( kr l + 8k) iffcV>2 
B k + C k J^ iffcV«2 



The oc Cfe mode in the latter case is the decaying superhorizon mode. From this it is clear than any short wave- 
length, oscillatory mode excited inside the apparent horizon H^ 1 will end up expelled out of it by inflationary 
stretching, where it will freeze out retaining a nearly constant amplitude B k , producing a nearly scale invariant 
spectrum of perturbations [31, 32]. Thermodynamics of this process of modes leaking out of the apparent 
horizon during inflation, which resembles a leaky can, has been discussed in [38]. 
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The standard choice [31, 32] of the eigenmodes Uk, u* k is to take 



u*M = -y^-H^\k V ), (15) 

as the positive and negative frequency modes, respectively, where v = 3/2 — tjh + 2c h [39]. 
The normalization of is chosen such that Eq. (13) follows from the canonical commutation 
relations [ip(r),x), n(rj,y)} = iS 3 (x — y). Substituting Uk,u* k in (12) amounts to choosing the 
thermal vacuum |0) as the ground state of the theory, because it is annihilated by the operators 
corresponding to the positive frequency modes in (15): 

b(q)\0} = 0. (16) 

Using |0) as the state of the inflaton during inflation and ignoring the slow roll corrections, in 
which case the eigenmodes (15) reduce to 



-fl-- 

V2k K kr] 

1 /. i 



Uk = — it)' ,hl 



u k = -^(l + j-)e ik \ (17) 
leads to (0|^^|0) = ^-{^) 2 ^ 3 Kk — q), yielding the standard result for the power spectrum, 

The corrections from slow roll effects, new physics and initial quantum correlations come in the 
form of multiplicative factors which can be calculated within a given theory. 

In what follows we will focus on the corrections from quantum correlations and slow roll 
effects. In short inflation the evolution did not have enough time to prepare the system in the 
thermal vacuum. One could instead take the instantaneous vacuum defined by the Heisenberg 
operators b(k,r]o),b<(k,r]o) at the time when inflation began [33]. This would reproduce the 
thermal vacuum in the limit r] Q — > — oo. However as we have explained above, there are 
additional effects coming from the background evolution. During the transition the function 
4r in the mode equation (11) changes rapidly, inducing modifications of the frequencies of 
the inflaton eigenmodes. This results in a Bogoliubov transformation in the Hilbert space 
which also includes non-adiabatic contributions. The net effect is that because the transition 
is quick the inflaton is trapped in the state it occupied just before the onset of the last stage 
of inflation, which is now a squeezed state on top of the inflaton thermal vacuum because of 
the transition-induced Bogoliubov transformation. Below we will compute the corrections from 
the quantum correlations in this state. We will also include the slow roll corrections, computed 
in [39], and the corrections from the adiabatic evolution of the vacuum, because they may be 
numerically significant. We will ignore possible contributions from the initial inhomogeneities, 
because while they will typically be important at shorter scales, they are quickly inflated away. 
Thus they should not affect the fluctuations at horizon crossing after a few e-folds. 
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Let us now define the initial state of the inflaton. As we said above, we take the initial state 
of the last ~ 60 e-folds of inflation to be the instantaneous vacuum just before the onset of this 
stage. This state is annihilated by the Heisenberg picture annihilation operator at the time t]q , 
which denotes the instant just before the transition. The Heisenberg picture annihilation and 
creation operators obey the canonical commutation relations [b(k,r}), b^(q,r])} = 5( 3 \k — q), 
[b(k,rj), b(q,r/)] = [tf(k,r/), tf(q,rj)} = 0, and can be defined in terms of the fields and their 
conjugate momenta. They are [35, 36] 

b\k,v) = ^(v^fa)-^4fa))- (19) 

Thus the instantaneous vacuum |0) of the theory just before the last stage of inflation obeys 

6(fc,77o )|0> = 0. (20) 

We note here that we are interested only in the leading order contributions from the non-thermal 
effects induced by the sharp transition. We will see that the slow roll corrections, the contri- 
butions from initial quantum correlations and the corrections from adiabatic evolution come 
with their own small parameters: powers of €h,Vh', ^(vh — e n)H/p \ and (H/p) 2 respectively. 
Therefore in computing the leading order form of each one we can ignore the others. This 
allows us to use the massless eigenmodes in place of the exact Hankel functions in (15) when 
computing the corrections from adiabatic evolution and initial correlations, and only use the 
slow roll- improved eigenmodes (15) when considering the slow roll corrections. We will include 
these slow roll corrections because they may be numerically significant by simply incorporating 
the known result for the slow roll corrections from [39]. A more general calculation accounting 
for interference terms may be interesting in order to get a more suitable framework for data 
fits, but is beyond the scope of the present work. 

To determine the effects of the transition on the Hilbert space, and specifically on the state 
|0) (20), we consider the field equation (11) in a general environment. One can show that in 
general 

7" n" 1 c 1 c 1 1 p 1 

^ = - + k^r+^n+ 1 -(^)\ (2i) 

Z a 2 e H e H 4 e H 

To find the effects of the sudden transition on the Hilbert space, we need to evolve the Heisen- 
berg operators of the theory through the transition using the field equation (11) with the general 
form of included. Indeed, from inspecting (21), it is clear that the contribution to ^- coming 

from i(— ) experiences a jump! Because — is linear in €h,Vh, the difference of — before and 
after the transition will be of the same order as the quantity itself. This is the source of the 
non-adiabatic evolution of the operators. Basically, the environment pumps some energy into 
them during the transition. To determine the transformation, we can treat the problem as a 
Schrodinger problem with a piecewise smooth potential: 

<p% + (k 2 - V( V )) n = , (22) 
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where 

V(v) = - + k^)' + ^n + 1 -C-»f. (23) 
a 2 e H en 4 €h 

The problem of matching the operators is completely analogous to the quantum mechanical 
problem of a particle scattering on a potential bump. Rather than looking at the specifics of 
an explicit construction of the modes for any given environment before the last ~ 60 e-folds 
of inflation, we take the shortcut and find the effect of the transition directly on the field 
operators. To do this, we impose the continuity of y?£ across the transition in the usual way, 

and determine the jump of tp'- as dictated by m the Gaussian pillbox integration of (22). 

Denoting the quantities slightly before the transition by the argument t]q and those slightly 
after by the argument t]q , the integration yields 

V'M) = Vifob ) + $T ¥>*fa>) - £r tpsfo) ■ (24) 
The slow roll parameter e# obeys = —2H(r] H — e H ). This gives the jump conditions 

VtiVo) = ^(%)- A (^- e ^o^W, (25) 

where e# and tjh are evaluated during inflation. Here A(t)h — £h) = (Vh ~ € h) ~ (Vh ~~ 6 h) 
is the change of the differences of the slow roll parameters after and before the transition. We 
note that away from the transition, by the form of the action (8), we always have 7rg = tp'~. 
Thus we can rewrite the jump conditions (25) as the matching conditions for the fields and the 
momenta at the transition: 

^kfao") = ^jfcfao ) - a (Vh ~ ^h)U g (p n (rto) . (26) 

This makes the effect of the sudden transition very clear: it enforces a canonical transformation 
on the variables (pj:, describing the inflaton dynamics after the evolution has begun. This 
in turn induces a Bogoliubov transformation between the annihilation and creation operators. 
The Bogoliubov transformation is proportional to the change in rjn — eh during the transition. 
If inflation was short, such a change arises because of the very nature of the slow roll regime. 
Namely, because during inflation the curvature of the inflaton potential is small compared to 
the Hubble scale, d^V < H 2 , and the inflaton rolls slowly, if en = 2r $ h 2 < ^iVh = — < 1 

during inflation, they will satisfy e# <^ 1,t)h 1 before it. This is because 2 , hardly 
changed at all, and H 2 = was bigger before. In the case of long inflation such a change 
can arise from bumps in the inflaton potential or enhanced interactions with matter sector for 
special values of the inflaton. However we bear in mind that e# should not have changed by 
too much since that would have produced a large variation of the leading order result, that 
would render the subleading corrections which we are considering essentially irrelevant. 

Using (19) and (26) we can write the Bogoliubov transformation of the annihilation and 
creation operators induced by the transition. Denoting those just before the transition by their 
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argument r] and those after by 770", the Bogoliubov transformation is 




We can now rewrite our initial inflaton state (20) as 

6(M + )|6> =-iA(rj H -e H )^tf(-iri+)\0). (28) 

retaining only the terms of the order 0(A(t]h — e#)^, in accordance with our approx- 

imations. We stress the key properties of this state. The state (28) is a direct and inevitable 
consequence of evolution. It contains the contributions both from non-adiabatic effects during 
the transition to the last stage of inflation, and from the adiabatic dynamics during it. It is 
different from the thermal vacuum, albeit by terms which vanish in the either of the limits 
€h — > 0, 770 — ^ — 00 and k — > 00. This means that in the limit of pure de Sitter space and also 
at very short distances the quantum correlations in |0) rapidly disappear. Hence the theory 
defined by (27) and (28) is consistent with decoupling. Although this comes from the suppres- 
sions by 1/k 2 = — 1/V 2 , which resembles a non-local term, it is automatically induced by the 
backreaction, and is perfectly well behaved at short distances, where the theory may be cut off 
in the usual way in order to regulate its UV behavior. 

We can now compute the imprints of |0) on the inflationary fluctuations. Using 7rg = </?'-, 
ip%(r}) = u k (rj)b(k) + u* k {rj)tf \—k) and the eigenmodes (15) we can solve for the evolution of the 
Heisenberg operators 77), 6^(fc, 77) from the transition onwards. In terms of the Schrodinger 
operators defined in (12), they are 

b(k, V ) = f k (ri)b$)+g k (Ti) 
b\-k, V ) = r k (r))tf(-k)+gl(r))b(k), 

9k(v) = ^ut(rj) + ^=ul'(rj). (29) 

The functions fk, gk obey fkfk~gl9k = 1 by virtue of the Wronskian relation of the eigenmodes 
UkU* k ' — u' k u* k = i, and so (29) in fact is the evolution-induced adiabatic Bogoliubov rotation 
between b(k),b'(k) and b(k,i]),b Ji (k,ri). Using this general form of the solutions, it is straight- 
forward to obtain the evolution of the Heisenberg operators from the time t]q to 77. One finds 
(dropping the superscript " + " on f] for notational simplicity) 

b(k,rj) = U k (v,Vo)b(k,T] ) + V k (r],r] )b j (-k,r] ) , 
b\-k, V ) = U^^b^-k, 770) + V k *(r], 77o)&(Mo), (30) 

where 

U k (v, Vo) = fk(v)fk(Vo) - 9k{v)9*k(Vo) , 

V k (v,Vo) = 9k(v)fk(Vo) ~ fk(v)9k(m) ■ ( 31 ) 
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These functions satisfy Ul(r], r} )U k (r], rj ) - V k (rj, rj )V k (r], r} ) = 1 because f k f k -g* k g k = 1, and 
so they indeed also comprise a time-dependent Bogoliubov transformation. Now using (30) we 
can finally write down the solution for the field modes (p k (rj) — T^^^? ??) + 4(~^> ? 7)) in 
terms of the Heisenberg operators b2(k,r)o),b 2 (k,r)o): 

= ^L(t4Mo) + V k *( V ,r) )) b 2 (k, Vo ) + -±=(u* k ( V ,r) ) + V k ( V , Vo )) bl(-k, Vo ) . (32) 

It is now straightforward albeit tedious to compute the 2-point function of the operator (32) in 
the initial state |0) defined in (28). Expanding the initial state to the first order in A(r] H — e H ) 
as given in (28), the result is 



(oi^^io) = ^s^(k- q l{\u k ( v , Vo ) + v:( v , Vo 



2ka 2 

+ A k (U k ( V , Vo ) + V k *(r ] ,r ]0 )) 2 + Al(U^r,, m ) + V k {r 1 ,r lQ )f} , (33) 
where 

A k = -iA( VH -e H ) 1 ^. (34) 

These expressions however still contain higher powers of the slow roll parameters and (krjo) -1 
than is allowed by our approximations. Therefore we need to organize the result (33) as a 
consistent perturbative expansion. Our organizing principle is to view the result (33) as the 
standard 2-point function of the inflaton in the thermal vacuum, plus small corrections coming 
from slow roll corrections and from the initial correlations encoded in the definition of the initial 
state of inflation (28). This is a direct consequence of our assumption that the inflaton state in 
which the fluctuations are produced was the adiabatic vacuum just before the transition. The 
symmetries of the approximate de Sitter space used to define this vacuum then guarantee that 
the effects of the transition can be organized as a perturbation series. The small dimensionless 
numbers which characterize the corrections are: the slow roll parameters e#, Vh alone, which 
account for the fact that the apparent horizon is slowly growing during inflation, the even 
powers of H /k = — controlling the adiabatic evolution and A(r] H — e//)^ 1 controlling the 

magnitude of the initial quantum correlations in |0) in (28). Because we are interested here 
only in comparing these effects in the leading order, we will ignore the interference between 
them. By our choice of the inflaton state, which implicitly rests on the validity of the slow 
roll approximation, these terms will be subleading. If the slow roll conditions are strongly 
violated, the interference terms may become larger, but the leading order effects will be even 
more important. Having assumed the validity of perturbation theory, we can ignore this regime 
altogether. 

To get the slow roll corrections on top of the thermal vacuum result accounted for, we can 
take the limit of the 2-point function (33) where the state (28) reduces to the thermal vacuum. 
This amounts to taking 0(en) terms in (33) to zero, and taking f k (i]o) — > 1, g k (i]o) — > 0. Using 
(29) and (31) it is easy to verify that in this limit U k (r], r] ) + V k *(rj, r/ ) — > \^2ku k (r]). Hence the 
2-point function indeed reduces to the thermal vacuum result, 

(6| wM4M) |5) ^ (0 |WM^M| 0) = M|UV ( £ r (35) 

a a a a a 2 
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The slow roll corrections to the leading order have been computed in [39] by expanding the 
Hankel functions (15) to the leading order in the slow roll parameters at horizon crossing. We 
can simply take their result, which with our conventions is 

m vM <M |0) = ^(g) 2 (l + 2(2 - In 2 - Te „)(2 £H - ,„) - 2 £ „) S<»(k - <z) , (36) 

where 7 em = 0.5772 ... is the Euler-Mascheroni constant. 

Now we turn to the effects arising from the deviation of the state (28) from the thermal 
vacuum. From the discussion above, it is clear that they are encased in the factor 

F = 2 T^F{ |f/fe(r? ' r?o) + T/;(?7 ' 770)12 

+ Ak (U k (v,m) + V£(77,77t>)) 2 + Al (U^rjo) + V^r*)) 2 } , (37) 

which should be evaluated in the limit rj — > using the relativistic modes (17) in the definitions 
°f fk, 9k, Uk and above. Hence 



1 



To simplify the calculation, note that ^ = — Tio- After the eviction from the horizon, Uk — > 
-V3fc e "'"' Thus - A + »£ = \ /St " Therefore 

{UM *) + VT („, „„)) |%|<<I = -± ((1 - ^ - §)e-/- + §e«/-) (39) 
Substituting this in T in (37), we find (keeping only the terms up to 0(A(rjH — ^h)^, ^w))i 

T = 1 + 7* cos( ^ } + " e//) T sin( ^ } • (40) 

In this expression, ^ = <, 1, where we have defined the physical momentum of the mode 

p = ^ at the moment of the transition to the last ~ 60 e-folds of inflation. This is simply the 
statement that the fluctuations are produced inside the inflating Hubble patch, meaning that 
their wavelength is originally inside the apparent horizon. We can rewrite the form factor T in 
terms of these variables as 

F=l + — cos(^) + A( m - e H ) - sin(^) . (41) 
p ri p si 

In this parameterization, the unity corresponds to the thermal vacuum result, the second term 
(proportional to 0([H/p) 2 ^j) to the adiabatic evolution of the vacuum, and the third term 



12 



(proportional to 0(A(t]h — e H )(H/p)^j) to the effects of the quantum correlations encoded in 
the state |0) (28) by the transition to the final stage of inflation. 

To see the total effect on the density fluctuations, we fold (41) with the slow roll-corrected 
2-point function in the thermal vacuum. Again expanding to the linear order in all corrections, 
we obtain the full 2-point function at horizon crossing: 

(B |Mri*M|0) = (l + V (p ,H, eH , m) ) *»(£ - S) , (42) 

where 

V( P ,H,€ H ,Vh) = 2{2-ln2~ lem ){2e H -r] H )-2e H + — cos(^)+A(^-e^) — sin(-|) . (43) 

p z H p n 

Substituting this into the formula for the power spectrum (7) yields for modes with ki] Q = 
p/H > 1, which were expelled out of the horizon, 

V{k) = (f ) 2 (^) 2 ( X + V(j> > H > tH > Vh) ) ' (44) 

which is our main result. 

This shows that if there is a sudden change in rjn — €h, either because inflation is short, 
lasting not much more than the minimum 60 e-folds, or because rjn jumps ~ 60 e-folds before 
the end of long inflation while e# remains roughly constant, which would keep the leading order 
result unchanged and confine the interesting effects in the corrections we derive, the imprints of 
this change in the inflationary fluctuations could be at a level that may affect the observations. 
The perturbations from the modes which are expelled out of the horizon just after this transition 
may receive important contributions from the quantum correlations inside the inflating patch, 
which would be comparable with the slow roll and adiabatic effects. As inflation progresses 
and shorter and shorter wavelength modes are expelled out of the horizon, these corrections 
will rapidly diminish below the observable level. That is clear from (43), (44) because the 
contributions from these correlations are suppressed by H/p as the momentum increases. We 
interpret this as the quantum version of the cosmic no-hair theorem: as inflation proceeds the 
quantum state of the inflaton, out of which the fluctuations emerge, is less and less different 
from the thermal vacuum. We stress again that while the effect in (43), (44) might be vaguely 
reminiscent of the corrections claimed to arise in the a- vacua [17], they really are completely 
different. Our signal explicitly depends on the physical momentum p, or the wavelength of the 
perturbations X — l/p, rather than on some fixed trans-Planckian cutoff. Further, we find that 
there is a suppression by the change of the difference of the slow roll parameters A(i]h — en)- 
Thus our effects only appear in the long wavelength perturbations, and rapidly vanish in the 
UV. In this way, our results are fully consistent with the conventional lore of effective field 
theory, because decoupling of the UV physics is guaranteed. 

Nevertheless, the result (43), (44) has interesting implications for observational cosmology. 
At present, the case for inflation is growing stronger as more data are accumulated [3, 4, 5]. 
However it is difficult to use observations to place bounds on the duration of inflation, or the 
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properties of the inflationary potential. Our result may serve as an additional probe of the 
inflationary dynamics. While somewhat model-dependent, our result suggests that in the case 
of either short inflation or longer inflation with a large A(i]h — e#) the density spectrum, and 
therefore the CMB, may retain some information about the initial quantum correlations at the 
instant when this stage began. There may be models where such terms could be at the level of 
few percents, and therefore observable. Because the effects in (43), (44) come with a distinct 
trigonometric modulation at the largest scales, this might help in the search for them. Note 
that at shorter scales, as the momentum increases, the modulation essentially disappears: the 
statistical sampling of the data tells us that we must average the trigonometric functions over 
several periods. This would render the modulation at short scales impossible to detect, and 
therefore completely irrelevant. 

In some models, the effects leading to (43) and (44) may even suppress power on large 
scales, reducing the low £ multipoles in the CMB anisotropy. These multipoles are sensitive 
to scales of the order of the horizon today and larger, and so in short inflation they could 
be affected by the superhorizon modes at the onset of inflation, obeying krjo = p/H < 1. 
Although one does not have firm control over the fluctuations on scales p/H ^ 1 because 
they would be strongly affected by any initial inhomogeneities outside the inflating patch, we 
can at least estimate how much power would be transferred to these modes by inflationary 
dynamics if the initial inhomogeneities were negligible. In this regime we can neglect slow 
roll corrections and the 0(A(rjH — £h)) term encoding initial quantum correlations. Then 
using the result for the power spectrum including adiabatic corrections, valid on all scales, 



V(k) = {H/2n) 2 {H/<j)) 2 {1 + H 2 /2p 2 + {H 2 /p 2 - H 4 /2p 4 ) cos{2p/H) - {H/pf sm(2p/H)}, we 



find the leading order power spectrum for the superhorizon modes at the onset of inflation by 
taking the limit p/H < 1, 



This shows that the deposit of power in superhorizon modes during inflation is strongly sup- 
pressed, as expected. Thus for short inflation, the reduced amplitude of the low £ multipoles 
in the CMB anisotropy arises from combining (44) for p > H and (45) for p < H. 

One may correctly warn that the trigonometric modulation present in Eqs. (43), (44) need 
not be an unambiguous indication of the presence of short inflation or long inflation with a jump 
in rjn — €h- For example, one may try to redefine the background of the theory by redefining 
the inflationary potential V{4>) — > W(4>) by solving the differential equation 



Thus our effects might be mimicked by a different potential, where they would be confined in 
the leading order result. However if the effects we are discussing are quantitatively significant, 
this redefinition of the potential would not remove the question; it would merely change it. One 
would still be forced to ask "What produced such features in the inflaton potential ~ 60 e-folds 
before the end of inflation, which gave rise to such signals?" regardless of the root cause of the 
signal itself. Hence the presence of such effects would indicate interesting physics either way! 
Their detection would be a win-win situation. On the other hand, if no such effects are ever 




(45) 




(46) 
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seen, it would be natural to argue that inflation went on uninterrupted for significantly more 
than the bare minimum of ~ 60 e-folds. This would bury any information in the inflationary 
perturbations about the initial state below the discernible level. However, in such an instance 
one could plausibly argue that the curvature of the spatial sections is very tiny, and therefore 
that the density of dark energy plus dark matter is practically indistinguishable from unity. 

In summary, we have shown how quantum correlations in the quantum state of the inflaton 
affect the density perturbations and the CMB. Our calculations are in full agreement with the 
usual effective field theory and decoupling, and are performed in the controllable regime of 
perturbation theory, where the universe can be treated as a weakly perturbed FRW cosmology. 
The effects of these correlations are suppressed by a power of the momentum, and vanish in 
the UV. We find that if inflation didn't last much longer than the necessary minimum of 60 or 
so e-folds, or if tjh — £h changed significantly at that time, the initial correlations may yield 
observable imprints. Thus the amplitude of the corrections from these quantum correlations 
may be a sensitive probe of the inflationary dynamics at ~ 60 e-folds before the end. Viewing 
the issue of the inflationary dynamics during the final stage as a purely observational matter, 
we feel that the prospective searches for such effects would be a worthy enterprise, since they 
could shed light on the darkness from which our universe emerged. 
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